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The author covers the theory of linear, second order partial differential equations of parabolic and elliptic type. Many of
the techniques have antecedents in probability theory, although the book also covers a few purely analytic techniques.

Introduction to Differential Equations In high school, you studied algebraic equations like The goal here was
to solve the equation, which meant to find the value or values of the variable that makes the equation true. In
general, each type of algebraic equation had its own particular method of solution; quadratic equations were
solved by one method, equations involving absolute values by another, and so on. In each case, an equation
was presented or arose from a word problem , and a certain method was employed to arrive at a solution, a
method appropriate for the particular equation at hand. These same general ideas carry over to differential
equations, which are equations involving derivatives. There are different types of differential equations, and
each type requires its own particular solution method. For example, consider the differential equation It says
that the derivative of some function y is equal to 2 x. To solve the equation means to determine the unknown
the function y which will turn the equation into an identity upon substitution. In this case all that is needed to
solve the equation is an integration: Figure 1 Since these curves were obtained by solving a differential
equationâ€”which either explicitly or implicitly involves taking an integralâ€”they are sometimes referred to
as integral curves of the differential equation particularly when these solutions are graphed. If one particular
solution or integral curve is desired, the differential equation is appended with one or more supplementary
conditions. These additional conditions uniquely specify the value of the arbitrary constant or constants in the
general solution. For differential equations involving higher derivatives, two or more constraints may be
present. If all constraints are given at the same value of the independent variable, then the term IVP still
applies. If, however, the constraints are given at different values of the independent variable, the term
boundary value problem BVP is used instead. For example, but To solve an IVP or BVP, first find the general
solution of the differential equation and then determine the value s of the arbitrary constant s from the
constraints. The order of a differential equation is the order of the highest derivative that appears in the
equation. This phenomenon is not coincidental. In most cases, the number of arbitrary constants in the general
solution of a differential equation is the same as the order of the equation. Integrating once more will give y:
As in Examples 1 and 3, the given differential equation is of the form where y n denotes the nth derivative of
the function y. These differential equations are the easiest to solve, since all they require are n successive
integrations. Integrating once more will give the solution y: A few technical notes about this example: Always
be aware of the domain of the solution. Constrast the methods used to evaluate the arbitrary constants in
Examples 2 and 4. In Example 2, the constraints were applied all at once at the end. In Example 4, however,
the constants were evaluated one at a time as the solution progressed. Both methods are valid, and each
particular problem and your preference will suggest which to use. This problem is a reversal of sorts. Here, on
the other hand, the general solution is given, and an expression for its defining differential equation is desired.
Differentiating both sides of the equation with respect to x gives This differential equation can also be
expressed in another form, one that will arise quite often. Implicit solutions are perfectly acceptable in some
cases, necessary as long as the equation actually defines y as a function of x even if an explicit formula for this
function is not or cannot be found. However, explicit solutions are preferable when available. Perhaps the
simplest way to verify this implicit solution is to follow the procedure of Example 5: Therefore, the
differential equation given in the statement of the problem is indeed correct. Note that this differential
equation illustrates an exception to the general rule stating that the number of arbitrary constants in the general
solution of a differential equation is the same as the order of the equation. Since there are two major categories
of derivatives, ordinary derivatives like and partial derivatives such as there are two major categories of
differential equations. Ordinary differential equations ODEs involve ordinary derivatives, while partial
differential equations PDEs , such as involve partial derivatives.
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Chapter 2 : Introduction to Differential Equations
for probabilists This book deals with equations that have played a central role in the in- terplay between partial
differential equations and probability theory.

However, one of them is that, over the course of time, you accumulate a certain amount of baggage containing
information in which, if you are lucky and they are polite, your younger colleagues may express some interest.
Having spent most of my career at the interface between probability and partial differential equations, it is
hardly surprising that this is the item in my baggage about which I am asked most often. When I was a
student, probabilists were still smitten by the abstract theory of Markov processes which grew out of the
beautiful work of G. Meyer, and a host of others. However, as time passed, it became increasingly apparent
that the abstract theory would languish if it were not fed a steady diet of hard, analytic facts. Kolmogorov
showed a long time ago, ultimately partial differential equations are the engine which drives the machinery of
Markov processes. Unfortunately for probabilists, the verification usually involves ideas and techniques which
they find unpalatable. The strength of probability theory is that it deals with probability measures, but this is
also its weakness. Because they model a concrete idea, probability measures have enormous intuitive appeal,
much greater than that of functions. They are particularly useful when comparing the relative size of
quantities: A is larger than B because it is more likely. Proving that such a density exists, much less checking
that it possesses desirable properties, is not something for which probability reasoning is particularly well
suited. As a consequence, probabilists have tended to avoid addressing these questions themselves and have
relied on the hard work of xi xii Preface analysts. My purpose in writing this book has been to provide
probabilists with a few tools with which they can understand how to prove on their own some of the basic
facts about the partial differential equations with which they deal. In so far as possible, I have tried to base my
treatment on ideas which are already familiar to anyone who has worked in stochastic analysis. In fact, there is
nothing in the first two chapters which requires more than a course on measure theory including a little Fourier
analysis and a semester of graduate-level probability theory. In summary, the upshot of Chapter 1 is that
solutions nearly always exist, at least as probability measures. Again, the ideas here will be familiar to anyone
who has worked with stochastic integral equations. In fact, after seeing some of the contortions which I have
to make for not doing so, experts will undoubtedly feel that I have paid a high price for not using Brownian
motion. All the results in Chapters 1 and 2 can be viewed as translations to a measure setting of results which
are well known for flows generated by a vector field. It is not until Chapter 3 that I begin discussing properties
which are not shared by deterministic flows. The classic example of this smoothing property is the standard
heat equation which immediately transforms any reasonably bounded initial data into a smooth in fact,
analytic function. Until quite recently, probabilists have been at a complete loss when it came to proving such
results in any generality. However, thanks to P. Malliavin himself and his disciples, like me, implemented his
ideas in a pathspace context. However, if one is satisfied with less than optimal conclusions, then there is no
need to work in pathspace, and there are good reasons not to. For many applications to probability theory, this
is all that one needs to know. However, for other applications, it is important to have more refined results, and
perhaps the most crucial such refinement is the estimation of the transition probability density from below. In
Chapter 4, I develop quite sharp upper and lower bounds on the transition probability using a methodology
which has essentially nothing to do with probability theory. As long as the coefficients are sufficiently smooth,
this replacement hardly affects the generality of the conclusions derived. However, it has enormous impact on
the mathematics used to draw those conclusions. In essence, everything derived in the first three chapters
relies on the minimum principle i. By writing the equation in divergence form, a second powerful
mathematical tool is made manifest: In his brilliant article about parabolic equations, J. Nash showed how, in
conjunction with the minimum principle, self-adjointness can be used to prove surprising estimates for
solutions of parabolic equations written in divergence form. Not only are these estimates remarkably sharp,
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they make no demands on the regularity of the coefficients involved. As a result, they are entirely different
from the results derived in Chapter 3, all of which rely heavily on the smoothness of the coefficients. The
techniques used are all quite elementary, but the details are intricate. In particular, the reader is assumed to
know how to pass from a transition probability function to a Markov process on pathspace. I have summarized
some of the ideas involved, but I doubt if my summary will be sufficient for the uninitiated. In any case, for
those who have the requisite background, Chapter 5 not only provides a ubiquitous localization procedure but
also a couple of important applications of the results to which it leads. Chapter 6 can be viewed as a further
application of the localization procedure developed in Chapter 5. Now the goal is to work on a differentiable
manifold and to show how one can lift everything to that venue. Besides a familiarity with probability theory,
the reader of Chapter 6 is assumed to have some acquaintance with the basic ideas of Riemannian differential
geometry. The concluding chapter, Chapter 7, represents an abrupt departure from the ones preceding it.
Whereas in Chapter 4 the minimum principle still plays a role, in Chapter 7 it completely disappears. All the
techniques introduced in Chapter 7 derive from Fourier analysis. This is followed by a short course on
pseudodifferential operators, one in which I avoid all but the most essential ingredients. Kohn, for an
interesting class of second order, degenerate operators with real valued coefficients. The latter extension,
which is due to L. Indeed, it has already played a major role in many applications and promises to continue
doing so in the future. Even though this book covers much of the material about partial differential equations
needed by probabilists, it does not cover it all. Perhaps the most egregious omission is the powerful ideas
introduced by M. For the reader who wishes to learn about this important topic, I know of no better place to
begin than the superb book [14] by L. Less serious is my decision to deal Preface xv only with time
independent coefficients. For the material in Chapters 1 and 2 it makes no difference, since as long as one is
making no use of ellipticity, one can introduce time as a new coordinate. However, it does make some
difference in the later chapters, but not enough difference to persuade me to burden the whole text with the
additional notation and considerations which the inclusion of time dependence would have required. I have not
spent much time tracking down sufficient historical evidence to make me confident that I have always given
credit where credit is due and withheld it where it is not due. Thus, these sections should be read for what they
are: Finally, a word about Eugene Fabes, to whom I have dedicated this book. Gene and I met as competitors,
he working with Nestor Riviere to develop the analytic theory of parabolic equations with continuous
coefficients and I working with S. Varadhan to develop the corresponding probabilistic theory. However, as
anyone who knew him knows, Gene was not someone with whom you could maintain an adversarial
relationship for long. After spending a semester together in Minnesota talking mathematics, sharing smoked
fish, and drinking martinis, we became fast friends and eventually collaborated on two articles. To my great
sorrow, Gene died too young. Just how much too young becomes increasingly clear with each passing year.
Because this book is addressed to probabilists, the treatment of these results will follow, in so far as possible, a
line of reasoning which is suggested by thinking about these equations in a probabilistic context. Once I have
done so, I will use this connection with Markov processes to see how solutions to these equations can be
constructed using probabilistically natural ideas.
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The author covers the theory of linear, second order, partial differential equations of parabolic and elliptic types. Many of
the techniques have antecedents in probability theory, although the book also covers a few purely analytic techniques.

Fundamental solution Inhomogeneous equations can often be solved for constant coefficient PDEs, always be
solved by finding the fundamental solution the solution for a point source , then taking the convolution with
the boundary conditions to get the solution. This is analogous in signal processing to understanding a filter by
its impulse response. Superposition principle The superposition principle applies to any linear system,
including linear systems of PDEs. The same principle can be observed in PDEs where the solutions may be
real or complex and additive. Methods for non-linear equations[ edit ] See also: Still, existence and uniqueness
results such as the Cauchyâ€”Kowalevski theorem are often possible, as are proofs of important qualitative
and quantitative properties of solutions getting these results is a major part of analysis. Nevertheless, some
techniques can be used for several types of equations. The h-principle is the most powerful method to solve
underdetermined equations. The Riquierâ€”Janet theory is an effective method for obtaining information about
many analytic overdetermined systems. The method of characteristics similarity transformation method can be
used in some very special cases to solve partial differential equations. In some cases, a PDE can be solved via
perturbation analysis in which the solution is considered to be a correction to an equation with a known
solution. Alternatives are numerical analysis techniques from simple finite difference schemes to the more
mature multigrid and finite element methods. Many interesting problems in science and engineering are solved
in this way using computers , sometimes high performance supercomputers. He showed that the integration
theories of the older mathematicians can, by the introduction of what are now called Lie groups , be referred to
a common source; and that ordinary differential equations which admit the same infinitesimal transformations
present comparable difficulties of integration. He also emphasized the subject of transformations of contact. A
general approach to solving PDEs uses the symmetry property of differential equations, the continuous
infinitesimal transformations of solutions to solutions Lie theory. Symmetry methods have been recognized to
study differential equations arising in mathematics, physics, engineering, and many other disciplines. These
are series expansion methods, and except for the Lyapunov method, are independent of small physical
parameters as compared to the well known perturbation theory , thus giving these methods greater flexibility
and solution generality. Numerical solutions[ edit ] The three most widely used numerical methods to solve
PDEs are the finite element method FEM , finite volume methods FVM and finite difference methods FDM ,
as well other kind of methods called Meshfree methods , which were made to solve problems where the before
mentioned methods are limited. The FEM has a prominent position among these methods and especially its
exceptionally efficient higher-order version hp-FEM. Finite element method[ edit ] Main article: Finite
element method The finite element method FEM its practical application often known as finite element
analysis FEA is a numerical technique for finding approximate solutions of partial differential equations PDE
as well as of integral equations. Finite difference method[ edit ] Finite-difference methods are numerical
methods for approximating the solutions to differential equations using finite difference equations to
approximate derivatives. Finite volume method[ edit ].
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Partial Differential Equations for Probabilists This book deals with equations that have played a central role in the
interplay between partial differential equations and probability theory. Most of this material has been treated elsewhere,
but it is rarely presented in a manner that makes it readily accessible to people whose background is.

A Differential Equation is an equation with a function and one or more of its derivatives: There are many
"tricks" to solving Differential Equations if they can be solved! Why Are Differential Equations Useful? In
our world things change, and describing how they change often ends up as a Differential Equation: The more
rabbits we have the more baby rabbits we get. Then those rabbits grow up and have babies too! The population
will grow faster and faster. The important parts of this are: So it is better to say the rate of change at any
instant is the growth rate times the population at that instant: And how powerful mathematics is! That short
equation says "the rate of change of the population over time equals the growth rate times the population".
Differential Equations can describe how populations change, how heat moves, how springs vibrate, how
radioactive material decays and much more. They are a very natural way to describe many things in the
universe. What To Do With Them? On its own, a Differential Equation is a wonderful way to express
something, but is hard to use. So we try to solve them by turning the Differential Equation into a simpler
equation without the differential bits, so we can do calculations, make graphs, predict the future, and so on.
Compound Interest Money earns interest. The interest can be calculated at fixed times, such as yearly,
monthly, etc. This is called compound interest. But when it is compounded continuously then at any time the
interest gets added in proportion to the current value of the loan or investment. And the bigger the loan the
more interest it earns. Using t for time, r for the interest rate and V for the current value of the loan: It just has
different letters. So mathematics shows us these two things behave the same. Solving The Differential
Equation says it well, but is hard to use. An example of this is given by a mass on a spring. Spring and Weight
A spring gets a weight attached to it: Describe this with mathematics! Creating a differential equation is the
first major step. But we also need to solve it to find how the spring bounces up and down over time. Over the
years wise people have worked out special methods to solve some types of Differential Equations. It is like
travel: Is it near, so we can just walk? Is there a road so we can take a car? So let us first classify the
Differential Equation. The first major grouping is: We are learning about Ordinary Differential Equations
here! Next we work out the Order and the Degree: Order The Order is the highest derivative is it a first
derivative? It has only the first derivative dy dx , so is "First Order" Example: This has a second derivative
d2y dx2 , so is "Order 2" Example: Some people use the word order when they mean degree! Linear It is
Linear when the variable and its derivatives has no exponent or other function put on it. More formally a
Linear Differential Equation is in the form: This is not a complete list of how to solve differential equations,
but it should get you started:
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Chapter 5 : Lecture Notes | Introduction to Partial Differential Equations | Mathematics | MIT OpenCourseW
Having spent most of my career at the interface between probability and partial differential equations, it is hardly
surprising that this is the item in my baggage about which I am asked most often. When I was a student, probabilists
were still smitten by the abstract theory of Markov processes which grew out of the beautiful work of G. Hunt, E.

I fell into the trap that many web developers fall into. I knew what was in the menus and so clearly all the
users would as well It was appearing that many new users were not aware of the Practice Problems on the site
so I added a set of links at the top to allow for easy switching between the Notes, Practice Problems and
Assignment Problems. They will only appear on the class pages which have Practice and Assignment
problems. The links should stay at the top as you scroll through the page. Paul November 7, Mobile Notice
You appear to be on a device with a "narrow" screen width i. Due to the nature of the mathematics on this site
it is best views in landscape mode. If your device is not in landscape mode many of the equations will run off
the side of your device should be able to scroll to see them and some of the menu items will be cut off due to
the narrow screen width. Partial Differential Equations In this chapter we are going to take a very brief look at
one of the more common methods for solving simple partial differential equations. We need to make it very
clear before we even start this chapter that we are going to be doing nothing more than barely scratching the
surface of not only partial differential equations but also of the method of separation of variables. It would
take several classes to cover most of the basic techniques for solving partial differential equations. Also note
that in several sections we are going to be making heavy use of some of the results from the previous chapter.
That in fact was the point of doing some of the examples that we did there. When we do make use of a
previous result we will make it very clear where the result is coming from. Here is a brief listing of the topics
covered in this chapter. In addition, we give several possible boundary conditions that can be used in this
situation. We also define the Laplacian in this section and give a version of the heat equation for two or three
dimensional situations. The Wave Equation â€” In this section we do a partial derivation of the wave equation
which can be used to find the one dimensional displacement of a vibrating string. In addition, we also give the
two and three dimensional version of the wave equation. Terminology â€” In this section we take a quick look
at some of the terminology we will be using in the rest of this chapter. In particular we will define a linear
operator, a linear partial differential equation and a homogeneous partial differential equation. We also give a
quick reminder of the Principle of Superposition. Separation of Variables â€” In this section show how the
method of Separation of Variables can be applied to a partial differential equation to reduce the partial
differential equation down to two ordinary differential equations. We apply the method to several partial
differential equations. We do not, however, go any farther in the solution process for the partial differential
equations. That will be done in later sections. The point of this section is only to illustrate how the method
works. Solving the Heat Equation â€” In this section we go through the complete separation of variables
process, including solving the two ordinary differential equations the process generates. We will do this by
solving the heat equation with three different sets of boundary conditions. Heat Equation with Non-Zero
Temperature Boundaries â€” In this section we take a quick look at solving the heat equation in which the
boundary conditions are fixed, non-zero temperature. Note that this is in contrast to the previous section when
we generally required the boundary conditions to be both fixed and zero. As we will see this is exactly the
equation we would need to solve if we were looking to find the equilibrium solution i. Vibrating String â€” In
this section we solve the one dimensional wave equation to get the displacement of a vibrating string.
Summary of Separation of Variables â€” In this final section we give a quick summary of the method of
separation of variables for solving partial differential equations.
Chapter 6 : Differential Equations - Introduction
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of over 1, results for "Partial Differential Equations" Introduction to Partial Differential Equations (Undergraduate Texts in
Mathematics) Sep 14,

Chapter 7 : Partial differential equation - Wikipedia
Partial Differential Equations â€¢ Definition â€¢ One of the classical partial differential equation of mathematical physics
is the equation describing the conduction of heat.

Chapter 8 : Introduction to Partial Differential Equations | Mathematics | MIT OpenCourseWare
Introduction to Differential Equations Lecture notes for MATH / Jeffrey R. Chasnov 10 8 6 4 2 0 2 2 1 0 1 2 y 0 Airy s
functions 10 8 6 4 2 0 2.
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